Combinatorial t-designs have nice applications in coding theory, finite geometries and several engineering areas. The objective of this paper is to study how to obtain 3-designs with 2-transitive permutation groups. The incidence structure formed by the orbits of a base block under the action of the general affine groups, which are 2-transitive, is considered. A characterization of such incidence structure to be a 3-design is presented, and a sufficient condition for the stabilizer of a base block to be trivial is given.
Introduction
Let P be a set of v ≥ 1 elements, and let B be a set of k-subsets of P , where k is a positive integer with 1 ≤ k ≤ v. Let t be a positive integer with t ≤ k. The pair D = (P , B) is called an incidence structure. The incidence structure D = (P , B) is said to be a t-(v, k, λ) design, or simply t-design, if every t-subset of P is contained in exactly λ elements of B.
Email address: tangchunmingmath@163.com (Chunming Tang) Let q be a power of 2 and GF(q) be the finite field of order q. The general affine group GA 1 (q) of degree one consists of all the following permutations of the finite field GF(q):
where (a, b) ∈ GF(q) * × GF(q). Let B be a k-subset of GF(q) and π(B) = {π(x) : x ∈ B}, where π ∈ GA 1 (q). The orbit of B under the action of GA 1 (q) is GA 1 (q)(B) = {π(B) : π ∈ GA 1 (q)}, and the stabilizer of B under the action of GA 1 (q) is GA 1 (q) B = {π ∈ GA 1 (q) : π(B) = B}. The incidence structure S(B) := (GF(q), GA 1 (q)(B)) may be a t-(q, k, λ) design for some λ, where GF(q) is the point set, and the incidence relation is the set membership. In this case, we say that the base block B supports a t-design and (GF(q), GA 1 (q)(B)) is called the orbit design of B.
The following theorem shows that the incidence structure (GF(q), GA 1 (q)(B)) is always a 2-design (see [2, Proposition 4.6] or [15] ).
Theorem 1. Let P = GF(q) and B = GA 1 (q)(B), where B is any k-subset of GF(q) with k ≥ 2. Then (P , B) is a 2-(q, k, λ) design, where
The main motivation of this paper is to study how to choose a base block B ⊆ GF(q)
properly so that (GF(q), GA 1 (q)(B)) is a 3-design. We first give a characterization of 3-designs (GF(q), GA 1 (q)(B)) by means of their characteristic functions, the Walsh transforms of their characteristic functions, and the number of solutions of some special equations associated with the base block B. Next, we present a sufficient condition for the stabilizer of a base block under the action of the general affine group to be trivial. Finally, we introduce two constructions of 3-designs from APN functions. Specifically, using the first construction, we obtain φ(n) 2 different 3-designs with parameters (2 n , 2 n−1 , 2 n−3 (2 n − 4)) from Kassami APN functions. Magma programs show that many new 3-designs can be obtained from the second construction. Finally, we show that some of the linear codes from the 3-designs of this paper are optimal or self-dual.
The rest of this paper is arranged as follows. Section 2 gives a characterization of those base blocks supporting 3-designs. Section 3 presents a sufficient condition for the stabilizer of a base block to be trivial. Section 4 presents two constructions of 3-designs from APN functions. Section 5 concludes this paper and makes some remarks.
2. The characterization of the base blocks supporting 3-designs Let n be a positive integer and q = 2 n . For any Boolean function f from GF(2 n ) to GF(2), the Walsh transform of f at µ ∈ GF(2 n ) is defined aŝ
where Tr(·) is the absolute trace function from GF(2 n ) to GF (2) . All the valuesf (µ)
are also called the Walsh coefficients of f . The Boolean function f is said to be semi-
Hence semi-bent functions over GF(2 n ) exist only for odd n.
Let B be a subset of GF(q). Then, the characteristic function f B (x) of B is given by
0, otherwise.
Some results on characteristic functions are given in the following lemmas.
Lemma 2. Let a, b be two distinct elements in GF(q). Let B be a k-subset of GF(q).
Proof. By the definition of Walsh transform, one haŝ
The conclusion of Part (1) then follows.
For a ∈ GF(q), one gets
This completes the proof.
Lemma 3. Let a, b ∈ GF(q) and E be any k-subset of GF(q). Then
Let E be any subset of GF(q) and a, b, c ∈ GF(q). Define
The following lemma gives the relation between characteristic functions and N E (a, b, c).
Lemma 4. Let a, b, c ∈ GF(q) * and E be any k-subset of GF(q). Then
Proof. Let α = 0, then
The desired conclusion then follows from Part (1) of Lemma 2.
In order to characterize those base blocks supporting 3-designs, we need the next lemmas.
Lemma 5. Let B be a k-subset of GF(q). Let E be a subset of GF(q) such thatf B (µ) =
Proof. Let S = ∑ x,y∈GF(q) (−1) f B (x)+ f B (y)+ f B (ax+by) . Using Lemma 3, one obtains
From Lemma 4, one has
From Part (1) of Lemma 2 andf E (0) =f B (0), one obtains |E| = |B| = k. The desired conclusion then follows.
Lemma 6. Let B be a k-subset of GF(q). Let E be a subset of GF(q) such that
Proof. From the definition of the function f B , one has
By Lemma 2, one gets
With the substitution z = x+y u 1 +u 2 , w = u 1
By Lemma 5, one gets
Since N E (a, b, c) = N E (λa, λb, λc) for a, b, c ∈ GF(q) and λ ∈ GF(q) * , the desired conclusion then follows.
The following lemma characterizes the 3-design from the base block B by I B (u 1 , u 2 , u 3 ).
Lemma 7. Let B be a k-subset of GF(q) with k ≥ 3 and B = GA 1 (q)(B). Define
is a 3-design, if and only if,
is independent of the specific choice of u 1 , u 2 and u 2 .
For any 3-subset {u 1 , u 2 , u 3 } of GF(q), define
where
Thus,
The desired conclusion then follows from Equation (1).
The following theorem presents a characterization of base blocks supporting 3-designs.
Then, the following are equivalent:
is independent of u, where u ∈ GF(q)\ GF(2).
Proof. From Lemmas 3 and 4, one has
Hence, Parts (2), (3) and (4) are equivalent.
Assume that (GF(q), B) is a 3-design. By Lemma 7,
of the specific choice of the 3-subset {u 1 , u 2 , u 3 } in GF(q). By Lemma 6, one has
is also independent of the specific choice of the 3-subset {u 1 , u 2 , u 3 } in GF(q). In particular, by choosing u 1 = 0, u 2 = 1 and
is independent of the specific choice of the 3-subset
It completes the proof.
Choosing E = B and d = 1 in Theorem 8, we have the following results.
Theorem 9. Let B be a k-subset of GF(q) with k ≥ 3 and B = GA 1 (q)(B). Then, the following are equivalent:
is independent of u, where u ∈ GF(q) \
GF(2).
(4) N B (u, 1 + u, 1) is independent of u, where u ∈ GF(q) \ GF(2).
The following theorem gives a characterization of a 3-design (GF(q), GA 1 (q)(B)) from a base block B in terms of the number of solutions of some associated equations.
Theorem 10. Let B be a k-subset of GF(q) with k ≥ 3 and B = GA 1 (q)(B). Suppose
is independent of u, where u ∈ GF(q) \ GF(2).
The desired conclusion then follows from Theorem 8.
The stabilizer of the base block
For any function h from GF(q) to the finite field GF(2) or the field of real numbers, let Supp(h) denote the set {x ∈ GF(q) : h(x) = 0}. We have the following theorem for the stabilizer of a base block.
Theorem 11. Let B, E be two subsets of GF(q) such that f E is a semi-bent function
The desired conclusion is the same as that (b, c) = (1, 0).
, we have S = q. We now compute A in a different way. Note that
We have then
Using this equation, we will prove that (b, c) = (1, 0).
Let q = 2 n . Since f E is semi-bent, then |Supp(f E )| = 2 n−1 and
From the assumption of this lemma, we must have b = 1.
Since b = 1, Equation (2) becomes
This equation forces Tr(cµ) = 0 for all the 2 n−1 nonzero elements µ ∈ GF(q) such that µ d ∈ Supp(f E ). Note that Tr(c × 0) = 0. Thus, Tr(cx) = 0 has at least 2 n−1 + 1 solutions, which holds only if c = 0. This completes the proof.
Two constructions of 3-designs from APN functions
The objective of this section is to construct 3-designs from APN functions over GF(q), where q = 2 n .
Recall that a function F from GF(q) to itself is called almost perfect nonlinear
2 for every pair (a, b) with a = 0, where
The following is a list of known APN power functions over GF(2 n ) of the form
• s = 2 i + 1 with gcd(i, n) = 1 (Gold functions);
• s = 2 2i − 2 i + 1 with gcd(i, n) = 1 (Kasami functions);
• s = 2 When n is odd, Gold functions, Kassami functions, Welch functions and Niho functions over GF(2 n ) are AB functions. We will present two constructions of 3-designs from APN functions.
The first construction of 3-designs from Kassami APN functions
Let q = 2 n with n odd. We follow the convention that if e is an exponent of a power function over GF(q), then 1 e is interpreted as the inverse of e modulo (q − 1). Thus 1 e exists if and only if gcd(e, q − 1) = 1. Let x 2 2i −2 i +1 be the Kassmi power function over GF(q) with gcd(i, n) = 1. Since gcd(2, n) = 1 and gcd(i, n) = 1, one has gcd(3, q − 1) = gcd(2 i + 1, q − 1) = 1. Thus 1 3 and
where s = 2 2i − 2 i + 1. In this case, we also denote the base block B by KA n,i . We shall study the incidence structure
The Walsh coefficients of f B is given in the following lemma [6, Lemma A1].
Lemma 12. Let n be an odd integer and let i be a positive integer with gcd(i, n) = 1.
Let B be the subset of GF(q) given by (3) . Then for all µ ∈ GF(q) we havê
, where E = {x ∈ GF(q) : Tr(x 3 ) = 1}.
A major result of this paper is the following.
Theorem 13. Let n be an odd integer and let i be a positive integer with gcd(i, n) = 1.
Let B be the base block given by (3). Then the incidence structure KA n,i = (GF(q), GA 1 (q)(B))
is a 3-q, q 2 ,
It is observed that KA n,i and KA n,n−i are isomorphic. Thus, we only need to consider the 3-design KA n,n−i , where 1 ≤ i ≤ n−1 2 and gcd(i, n) = 1. To prove Theorem 13, we need the following lemmas. Lemma 14. Let σ 1 , σ 2 , σ 3 ∈ GF(q) such that σ 2 1 = σ 2 and σ 3 = σ 1 σ 2 . Then the cubic equation x 3 + σ 1 x 2 + σ 2 x + σ 3 = 0 has a unique solution x ∈ GF(2 n ), if and only if
Proof. The desired conclusion follows from [3, Theorem 2].
Lemma 15. Let n be an odd integer and i be a positive integer with gcd(i, n) = 1. Then the cubic equation u d x + (1 + u) d 3 + x 3 + 1 = 0 has a unique solution x ∈ GF(2 n ),
Note that gcd(3d, 2 n − 1) = 1 and u = 1. Then 1 + u 3d = 0 and
One has
and
By Equations (4) and (5) , σ 2 + σ 2 1 = 0 and σ 3 + σ 1 σ 2 = 0 since u ∈ GF(2 n ) \ GF(2) and gcd(i, n) = 1.
Using Equations (4) and (5) again, one has
where U = u and V = u 2 i . It is observed that
sired conclusion then follows from Lemma 14.
The proof of Theorem 13. Using Lemma 12, one has, for all µ ∈ GF(q),
, where E = {x ∈ GF(q) : Tr(x 3 ) = 1}. Combining Lemma 15 and Theorem 10, one has (GF(q), GA 1 (q)(B)) is a 3-design.
Note that f E (x) = Tr x 3 is a semi-bent function [16] , and Supp(f E ) = {µ ∈ GF(q) :
Tr(µ) = 1}, which is a Singer difference set with parameters (q − 1, q/2, q/4) in the
Proposition 2]. Then, |GA 1 (q)(B)| = q(q − 1) from Theorem 11. From Part (1) of Lemma 2 andf B (0) =f E (0), one has |B| = |E| = q/2.
Hence, the incidence structure (GF(q), GA 1 (q)(B)) is a 3-q, q 2 ,
This completes the poof of Theorem 13.
Another construction of 3-designs from APN functions
Let x s be an APN function over GF(q) with gcd(s, q − 1) = 1. Define the base block
Since x s is APN, the function (x + 1) s + x s is 2-to-1. Thus, |B s | = q 2 . In this case, we also denote the base block B s by AP n,s . We shall study the incidence structure
When s = 2 i + 1, we have the following theorem on 3-designs AP n,s .
Theorem 16. Let n ≥ 4 and s = 2 i + 1, where n/ gcd(i, n) is odd. Then the incidence
Proof. Note that (x + 1) s − x s is an affine function. The proof is similar to the proof of Corollary 29 in [9] .
When s = 2 2i − 2 i + 1, we need the following lemma to characterize 3-designs AP n,s .
Proposition 17. Let n = 3i ± 1 and s = 2 2i − 2 i + 1, where i is an even positive integer.
Then,f
where E = {µ : Tr(x 2 i +1 ) = 1} and d ≡ 1 s (mod 2 n − 1).
Suppose µ ∈ GF(q) * . Then ∑ x∈GF(q) (−1) Tr(µx) = 0 and
Since (x + 1) s + x s is a two-to-one function from GF(q) to B s , one haŝ
where g(x) = Tr(x s ). From [5] , one haŝ
where E = {µ ∈ GF(2 n ) : Tr(µ 2 i +1 ) = 1}. Then
Using Equation (8), one getŝ
The desired conclusion then follows.
We have the following proposition on the incidence structure AP n,s , where s = 2 2i − 2 i + 1.
Proposition 18. Let n = 3i ± 1 and s = 2 2i − 2 i + 1, where i is an even positive integer.
design, if and only if,
Proof. By Proposition 17, one haŝ
where E = {µ : Tr(x 2 i +1 ) = 1}. Note that f E (x) = Tr x 2 i +1 is a semi-bent function [16] , and Supp(f E ) = {µ ∈ GF(q) : Tr(µ) = 1} , which is a Singer difference set with
conclusions follow from Theorem 10.
In accordance with Proposition 18, we propose the following conjecture, which is useful for obtaining 3-designs.
Conjecture 1.
Let n = 3i ± 1 and s = 2 2i − 2 i + 1, where i is an even positive integer.
Let u ∈ GF(q) \ GF(2). Then, the equation
Conjecture 1 was confirmed by Magma for n ∈ {5, 7, 11, 13}. If Conjecture 1 is true, the base block B s ⊆ GF(2 n ) supports a 3-design, where n = 6i ± 1 and s = 2 4i − 2 2i + 1.
x 2 i +1 + x + a = 0, which has been considered in [12, 13, 14] . When i is coprime to
Recall the following sequences of polynomials that were introduced by Dobbertin in [11] :
Define the polynomial R n,i (x) as
.
where 1 i ′ is the smallest positive integer i such that ii ′ ≡ 1 (mod n). To solve Conjecture 1, one may need the following results [12] .
Theorem 19. For any a ∈ GF(2 n ) * and a positive integer i < n with gcd(n, i) = 1, the polynomial P a (x) = x 2 i +1 + x + a has either none, one, or three zeros in GF(2 n ).
Further, P a (x) has exactly one zero in GF(2 n ) if and only if Tr R n,i (a −1 ) + 1 = 1.
Next, we present some conjectures on 3-designs. These conjectures have been confirmed by Magma for n ∈ {5, 7}.
Conjecture 2. Let n ≥ 5 be odd. Let s = 2 2i − 2 i + 1 with gcd(3i, n) = 1. Then the incidence structure AP n,s = (GF(q), GA 1 (q)(B s )) is a 3-q, 
A comparison with other constructions
Let KA n,i and AP n,s be the incidence structures constructed in Subsections 4.1 and 4.2, respectively. The incidence structures KA n,i and AP n,s are both constructed from APN functions, which are a special type of polynomials over a finite fields. By a special polynomial we mean a polynomial either of special form or with special property.
For instance, monomials and permutation polynomials are special polynomials. Special polynomials have interesting applications in combinatorial designs. The Dickson polynomials x 5 + ax 3 + a 2 x over GF(3 m ) led to a 70-year breakthrough in searching for new skew Hadamard difference sets [10] . Recently, Ding and Tang [9] presented two constructions of t-designs with oval polynomials (o-polynomials) over GF(q) and obtained some families of 2-designs and 3-designs.
A polynomial F from GF(2 n ) to itself is called an o-polynomial if F(x) + ax is 2-to-1 for every a ∈ GF(2 n ) * [4] . If an o-polynomial F(x) is monomial, F(x) is also called an o-monomial. Known o-monomials over GF(2 n ) are listed:
• Segre n (x) = x 6 , n odd.
• Glynni n (x) = x 3×2 (n+1)/2 +4 , n odd.
•
For any permutation polynomial F(x) over GF(q), we define F(x) = xF(x q−2 ). If F is an o-polynomial over GF(q), then F is also an o-polynomial.
Let x s be an o-monomial over GF(2 n ). Let OV n,s be the incidence structure (GF(2 n ), GA 1 (q)(OV n,s )), where
It follows from Lemma 3 of [9] and its proof that OV n,s is the same as the incidence structure D(x s , 2 n−1 ) = GF(2 n ), B x s ,2 n−1 introduced in [9] . In [9] , the authors proved that OV n,s is a 3-2 n , 2 n−1 , 2 n−3 (2 n − 4) design if x s is the o-monomial Segre n (x)
or Glynnii(x), and conjectured that the same conclusion is still true if x s is any omonomial with x s = Trans n,i (x).
In general, it is extremely difficult to solve the isomorphy problem of t-designs theoretically. We have done an isomorphic classification for the following set of 3-designs in [9] and this paper for the case n = 5 with Magma: 
For a prime p, a linear code C p (D) over the prime field GF(p) from the design D is spanned by the characteristic vectors of the blocks of B, which is the subspace Span{v B : B ∈ B} of the vector space GF(p) ν . Linear codes C p (D) from designs D have been studied and documented in the literature [1, 7, 17, 18] . For the codes of 3-designs in this paper, we propose the following two conjectures. binary linear codes C 2 (KA n,i ) are pairwise inequivalent.
Conjecture 6 was confirmed by Magma for n ∈ {5, 7}. If Conjecture 6 is true, then C 2 (KA n,1 ) holds three 3-designs, and C 2 (KA n,1 ) ⊥ holds exponentially many 3-designs (see [8] for detail). is a self-dual linear code with parameters [128, 64, 16] . The examples of codes above demonstrate that it is worthwhile to study 3-designs KA n,i and their codes C 2 (KA n,i ) , as these designs may yield optimal linear codes or self-dual binary codes.
Summary and concluding remarks
The main contributions of this paper are the following:
• The first one is the characterization of those base blocks supporting 3-designs by the characteristic functions of the base blocks, the Walsh transforms of their characteristic functions and the number of solutions of some special equations associated with the base blocks.
• The second is the sufficient condition for the stabilizer of a base block under the action of the general affine group to be trivial, which was used to determine the parameters of some 3-designs.
• The third is the two general constructions of 3-designs with APN functions over GF(2 n ). The first construction has produced infinite families of 3-designs from Kassami APN functions over GF(2 n ). Magma programs show that the second construction yields also 3-designs from APN power functions over GF(2 n ).
There may be other ways to select bases blocks supporting 3-designs, a lot of work can be done in this direction. The reader is warmly invited to attack the conjectures presented in this paper.
